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Abstract 
A hypergraph is said to be square if the number of its vertices equals the number of its edges. 
It is said to be critically 3-chromatic, or 3-critical, if it has chromatic number 3, but every proper 
subgraph as a 2-coloring. We investigate a number of questions concerning square 3-critical 
hypergraphs. (~) 1999 Elsevier Science B.V. All rights reserved 
AMS classification: 05C65; 05C15 
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1. Introduction 
A hypergraph is a pair (V ,~)  where V is a finite non-empty set whose elements 
are called vertices and J~ is a family of  non-empty subsets of V whose members are 
called edges. We shall suppose that U o~ = v and when we speak of  the hypergraph 
Y we shall mean (U ~-, ~) -  we  shall suppose that IF I ~>2 for all F C ~-. If  for some 
n>>.2,[Fl=n for all FC~-  then o~ is called an n-uniform hypergraph or n-graph. 
Thus an ordinary simple graph without isolated vertices is a 2-graph. The order of a 
hypergraph is the number of  its vertices. A hypergraph ff is a subgraph of  ~- if .~¢ c_ .~ 
and a proper subgraph if ~ g Y .  
An r-coloring of  a hypergraph ~ is an assignment of  one of  r~>2 colors to each 
vertex of  o~ so that no edge of  o~ has all o f  its vertices assigned the same color. 
J~ is r-colorable if it has an r-coloring and is r-chromatic i f  r is the least integer 
for which it has an r-coloring. I f  r/> 3, then ~ is called r-critical i f  it is r-chromatic 
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but every proper subgraph of ~ has an (r - 1)-coloring; equivalently, if ~- - {F} is 
(r - 1 )-colorable for every F E ~-. 
A hypergraph o~ is said to be square if the number of its edges equals the number 
of its vertices; that is, if [o~1 = [ U o~[. It was shown by Seymour [10] that if ~ is a 
3-critical hypergraph then [o~1 >~[U ~[- A result that can be shown to be equivalent 
is found in [13,8,3]. The following are examples of square 3-critical hypergraphs: 
(1) The (2-graph) cycles of odd length. 
(2) The hypergraph with edges {1,2,3}, {1,4,5}, {1,6,7}, {2,4,6}, {2,5,7}, {3,4,7}, 
{3,5,6}. These are the lines in the Fano plane PG(2,2). 
(3) The hypergraph with edges {1,2}, {1,3}, {1,4}, {2,3,4}. 
(1) and (2) are examples of uniform hypergraphs while (3) is not uniform. For 
some time, (1) and (2) were the only known examples of square 3-critical uniform 
hypergraphs. Liu [7] constructed infinitely many square 3-critical 3-graphs. Seymour 
[10] asked whether there exists a positive integer k such that any square 3-critical 
hypergraph contains an edge of size at most k. A question equivalent to that of Sey- 
mour's was raised, in a different context, by Lovgsz [9]. A positive answer would, 
of course, imply that if n is sufficiently large, square 3-critical n-graphs do not exist. 
However, the question was answered negatively by Burstein [3]. In order to simplify 
the description of Burstein's result and the exposition of the subsequent material it will 
be convenient if we call a square 3-critical n-graph of order m an [m, n]-graph. Thus 
(2) is a [7,3]-graph. Burstein proved that for each n~>3 there exists a least integer 
B(n) such that for all m >~B(n) there exists an [m,n]-graph. One may then define b(n) 
to be the least integer m for which there exists an [m, n]-graph. Burstein proved that 
for n>~4, 
and 
B(n)<~(n+ 1)b(n- 1) + n(n + 1) 2 (1.1) 
b(n)<~(n + 1)b(n - 1). (1.2) 
Of course, b(2) makes sense and, in fact, b(2)= 3. It is not hard to show that 
b(3) = 7 and Liu [7] proved that B(3) = 10. No other values of these functions have 
been determined. (1.2) yields the upper bound b(n)<~4(n + 1)! for n~>3. This has 
been greatly improved by a construction of Thomassen [12] that can be used to show 
b(n) ~<4". In Section 3, we obtain the following improvement over (1.1): 
B(n)<,(n+ 1)b(n- 1 )+n-  1. (1.3) 
For large n the improvement is slight. However, for small n it is of some significance. 
For example, (1.1) and (1.2) give B(4)~< 135 and B(5)~<390, whereas (1.2) and (1.3) 
give B(4)~<38 and B(5)~214. 
Thomassen [12] proved that for each n>~4 every [m,n]-graph contains a vertex of 
degree at most 3; that is, a vertex belonging to at most 3 edges. Since the aver- 
age degree of an [m, n]-graph is n, it follows that for n >~4, an [m, n]-graph cannot 
be regular. This leads naturally to the question as to how far from regular such a 
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graph can be and this general question leads to various particular questions. We con-- 
sider two such questions in Section 4. Denote by A(m,n) the largest possible degree 
that may occur in an [m, n]-graph. We shall prove that for each n ~> 3, the asymptotic 
estimate 
A(m,n) (1 1 ))  = + o(1 m 
n 
holds as m--~ ~.  Thus, it may happen that a vertex of an [m,n]-graph occurs in a 
large fraction of the edges. It is also natural to ask how small the maximal degree may 
be. Denote by A(n) the least integer d such that there exists an [m,n]-graph whose 
maximal degree is d. It follows from the results of Alon and Linial [2] and the remarks 
in the last paragraph of Section 2 that A(n)>(2 "-l -e ) /e (n -  1). We give an upper 
bound for A(n) in Theorem 4.2. For large n the bound is weaker than that yielded by 
the graphs constructed by Thomassen in establishing b(n)~<4". However, it provides 
some new information for small values of n. 
For [m, 3]-graphs, the situation is different. It follows from the efforts of several 
authors (see [5] for a survey of results and for references) that 3-regular [m, 3]-graphs 
exist for all but finitely many values of m. Gropp raises the question of determining the 
number g(m) of non-isomorphic 3-regular [m, 3]-graphs. We shall prove that g(m)> c "~ 
for some constant c > 1 and all sufficiently large m. 
In Section 2 of this paper we describe some general constructions that we shall make 
use of in subsequent sections and we describe a characterization, due to Seymour [10], 
of square 3-critical hypergraphs in terms of (ordinary) digraphs. This characterization 
will be useful in the presentation of the proof of one of our results. 
2. Some general constructions 
We describe some general constructions of square 3-critical hypergraphs. Although 
our eventual goal is to use them to build [m, n]-graphs, the individual constructions do 
not necessarily ield uniform hypergraphs. 
Construction 2.1 (Burstein [3]). Let Y be a 3-critical hypergraph and let F be an 
edge qf  ~ .  Let k >~2 and let al,az .... ,ak be new vertices; that is, vertices that do 
not belong to ~.  Let ~ be the hypergraph whose edges are 
1. the edges of  ~ - {F}, 
2. the edges F@{ai} ,  i=1 ,2  . . . . .  k, 
3. the edge {al,a2 . . . . .  ak}. 
Then 34¢, ~ is 3-critical. Moreover, i f  Y is square so is ~r. 
We remark that Construction 2.1 was also discovered independently by 
Thomassen [ 11 ]. 
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Construction 2.2 (Burstein [3]; and Liu [7]). Let ~ be a 3-critical hypergraph and 
let F be an edge of  ~ of size k>~2. Let AI,A2 . . . . .  Ak be the (k - 1)-subsets o fF .  
Let al,a2 . . . . .  ak be new vertices. Let ~ be the hypergraph whose edges are 
1. the edges of  ~ - {F}, 
2. the edges Ai U {ai}, i= 1,2,...,k, 
3. the edge {al,a2 . . . . .  ak}. 
Then ~ is 3-critical and if ~ is square, so is ~ff. 
Construction 2.3. Let ~ be a 3-critical hypergraph and let F be an edge of  ~ .  Let 
k >~2 and l~2 and let al,a2 . . . . .  ak,bl,b2 . . . . .  bt be new vertices. Let A1,A2 . . . . .  At be 
not necessarily distinct subsets of A = {a l ,a2  . . . . .  a~ } such that UAi  :A  and NAi  = ~). 
Let ~ be the hypergraph whose edges are 
1. the edges of ~: - {F}, 
2. the edges FtA{ai}, i=1 ,2  . . . . .  k, 
3. the edges Ai tA {bi}, i=  1,2 . . . . .  l, 
4. the edge B= {bl,b2 ....  ,bt}. 
Then ~ is 3-critical and if  ~ is square, so is our. 
Proof. We first show that 9(( is 3-chromatic. Suppose that there is a 2-coloring of 
Jt ~ in colors red and blue, say. Then, since ~- is 3-critical, the vertices of F must 
be assigned the same color, say red. Then al, a2 . . . . .  ak must be colored blue since 
otherwise there is a red edge of type 2. It then follows that b l ,  b2 . . . . .  bt must be 
colored red since otherwise there is a blue edge of type 3. But then the edge B is 
monochromatic. Thus ~ has no 2-coloring. It clearly has a 3-coloring and is thus 
3-chromatic. 
To show that ~ is 3-critical we must show that i fH  is an edge of 9((, then ~-{H} 
is 2-colorable. We distinguish the four cases. 
1. H is an edge of type 1. There is a 2-coloring of f f  - {H} in which F is not 
monochromatic. Color bl red and bz, b3 . . . . .  bi blue. Choose ai 6Al and color ai 
blue. For j # i color aj red. This is a 2-coloring of ~ - {H}. 
2. H is an edge of type 2. Without loss of generality, we may suppose that H = F t3 
{al}. There is a 2-coloring of ~-  {F}. In this coloring, all vertices o f f  are red, 
say. Color al red and aE,a3 . . . .  ,ak blue. Color bi blue if al  E.4i and red if al (~ Ai. 
Note that B is not monochromatic because UAi =A and NAi =O. We therefore 
have a 2-coloring of ~ - {H}. 
3. H is an edge of type 3. Without loss of generality, we may suppose that H = A 1 t3 
{bl }. There exists a 2-coloring of ~- -  {F} in which all vertices of F are colored 
red. Color al ,a2 . . . . .  a k and bl blue and bz,b3 . . . . .  bt red. This is a 2-coloring of 
- (H} .  
4. H = B. There is a 2-coloring of ~-  {F} in which the vertices of F are colored red. 
Color al, a2 . . . . .  ak blue and bl, b2 . . . . .  bt red. This is a 2-coloring of ~¢g- {H}. [] 
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Construction 2.4 (Abbott and Liu [1]). Let t>~l and let Y~, .~2 . . . . . .  ~-2,+t be 3- 
critical vertex disjoint hypergraphs. Let Fi be an edge o f / '~  and let a, ~ F,. Let .~ 
be the hypergraph whose edges are 
1. the edges of  Y i  - {Fi}, i = 1,2 . . . .  ,2t + l, 
2. the edges (Fi - {a/}) U {ai+t }, i=  1,2 . . . . .  2 t+ 1, (a~,+2 =al ) .  
Then ~r is 3-critical. 
It is easy to see that Construction 2.4 preserves squareness, uniformity and 
regularity. 
It will be convenient if we include in this section a description of Seymour's char- 
acterization of square 3-critical hypergraphs in terms of digraphs. Let ,~- be a square 
3-critical hypergraph with vertex set V = { 1,2 . . . . .  m}. It is possible to label the edges 
of  f f  as FI,F~ . . . . .  Fm in such a way that x c F,-. In other words, .~- has a system 
of distinct representatives. Let D( f f )  be the digraph with vertex set V and in which 
for a, b E V, a ~ b, ab is an arc if and only if b E F,. Seymour proved that D(.¢7) is 
strongly connected and has no directed cycles of  even length. Moreover, any strongly 
connected igraph D with no even directed cycles gives rise to a square 3-critical hy- 
pergraph. Let ~-(D) be the hypergraph whose vertex set is that of D and in which for 
each vertex x the set F~ = {x} tA {y-  y ~ x, x--~ is an arc of  D} is an edge. Then .~ (D) 
is a square 3-critical hypergraph. Digraphs without even cycles have been extensively 
studied and are related to many topics which, superficially, would seem to have no 
connection with them. See [10-12] and references therein, 
3. Improved bound for B(n) 
We now show how Constructions 2.1-2.3 may be used to prove (1.3). 
Theorem 3.1. For n>~4, B(n)<~(n + 1)b(n -  1 )+ n -  1. 
Proof. Let f f  be a [b(n-  1) ,n -  1]-graph and let F be an edge of f t .  Apply Construc- 
tion 2.1 to f f  with F as the special edge and with k = n - 1. The resulting hypergraph 
(4 is 3-critical and square. It has b(n - 1 ) edges of  size n -  1 and n - 1 edges of size 
n. Now apply Construction 2.1 to each of the b(n - 1 ) edges of  c~ of size n - 1, taking 
k = n in all cases. The resulting hypergraph Z, ~ is 3-critical, n-uniform and square. It 
has (n + 1)b(n - 1) + n - 1 vertices and is thus an [(n + 1)b(n - 1) + n - 1, n]-graph. 
Let 0 ~< s~< n - 2. Apply Construction 2.1 to each of the edges of  .~-, except F, and 
take k = n for each of these edges. There results a 3-critical square hypergraph ~ with 
(n + 1)b(n - 1) - n - 1 edges of  size n and one edge (namely, F )  of size n 1. 
Now apply Construction 2.3 to ~ with F as the special edge, k = n + s, l = n, and 
[Ail =n  - 1 for i=  1,2 . . . . .  n. It is not difficult to see that one may choose the Ai so 
that the conditions required in Construction 2.3 are satisfied. The resulting hypergraph 
is an [(n + 1 )b(n - 1) + n + s, n]-graph. 
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We have shown the existence of an [m,n]-graph for n consecutive values of  m, 
namely, (n + 1 )b(n - 1 ) + n + i, i = - 1, 0, 1,2 . . . . .  n - 2. To complete the argument, let 
be an Ira, n]-graph and let F be an edge of ~ .  Apply Construction 2.2 to ~ with 
F as the special edge and take k = n. The resulting hypergraph is an [m + n, n]-graph. 
It now follows that [m,n]-graphs exist for m~(n + 1)b(n - 1) + n - 1 so that (1.3) 
holds. [] 
It would be of interest to determine b(4) and B(4). It follows from the results 
described above that [m,4]-graphs exist for m- -35  and all m ~> 38. We have not been 
able to decide whether there exists an [m, 4J-graph for any other values of m. 
4. Maximal degree 
Denote by A(m,n)  the largest integer A for which there exists an [m,n]-graph in 
which there is a vertex of  degree A. We obtain, for each n >i 3, an asymptotic estimate 
for A(m,n) ,  as m~oo.  
Theorem 4.1. For each n >~ 3, A( m, n ) = (1 - ( l /n )+ o(1))m as m--~ oo. 
Proof. Let ~- be an [m,n]-graph in which there is a vertex x of degree A--A(m,n) .  
We show first that 
A~< (1 -  ! ) (m-  1 )+1.  (4.1) 
Let D( J  ~)  be the digraph associated with ~,~, as described in Section 2. Let N-(x )  = 
{y: ~-~ is an arc of  D(~)}  denote the set of  in-neighbors of  x. Since x has degree 
A in J~, we have IN - (x ) l  =A - 1. Let K---- U~,~\(N-(x)  u {x}), so that Igl =m - 
A. Let y EN- (x ) .  Since D(~)  is strongly connected, there exists a directed path 
x =x l ,x2  . . . . .  xs = y from x to y. Since ~-~ is an arc and since D( f f )  has no directed 
even cycles, s must be odd. Now x.~-i ~ N-(x )  since, otherwise, Xl,X2 . . . . .  xs_ l ,x l  
would be an even cycle. Thus xs-~ EK.  That is, for each yEN- (x )  there exists 
z E K 'such that Tyy is an arc of  D(~) .  It follows that IN-(x)l is at most the number 
of  arcs from K to N-(x ) .  Since each vertex of  K has out degree n - 1, we have 
A - l=[N- (x ) l<~(n  - 1)lgl, so that IKI~>(A - 1 ) / (n -  1). Thus m=h + IKI>>,A + 
(A - 1 ) / (n -  1), from which (4.1) follows. 
It follows from (4.1) that 
A(m,n)  1 
lim sup ~< 1 - - .  (4.2) 
m---*oo m n 
We next describe for each k ~>n - 2 a strongly connected igraph Dk with no even 
cycle in which each vertex has out-degree n -  1 and in which one vertex has very 
large in-degree; large enough to show that equality holds in (4.2). It will be useful to 
H.L. Abbott, D.R. Hare~Discrete Mathematics 197/198 (1999) 3-13 9 
consider the vertices of  Dk as being partitioned into levels Lo, L I . . . . .  L2, +2. Lo consists 
of  the single vertex x. This vertex will be the vertex of  large in-degree. L~ consists of 
n - 1 vertices and x is joined by an arc to each vertex of LI. L2 consists of (n - 1) 2 
vertices. Each vertex of LI is joined by an arc to (n - 1 ) vertices of L2 in such a 
way that different vertices of  L l have disjoint sets of  out-neighbors in L2. This last 
condition will be assumed in all of  what follows; that is, distinct vertices of Li will 
have disjoint sets of  out-neighbors in Li+l. L3 consists of  (n - 2)(n - l)2 verticcs. 
Each vertex of L2 is joined by an arc to x and to n - 2 vertices of  L3. Note that some 
directed odd cycles (of length 3) are created, but there are no even cycles. 
The general procedure will be made clear with the description of the last three levels. 
Suppose that we defined levels L0, L 1 . . . . .  L2k- l so that L2k-- 1 contains (n -2 )k -  1 (F/-- 1 )k 
vertices. L2k has (n -2 )k - l (n  - 1) k+l vertices. Each vertex of  L2k-I is joined by an arc 
to n -  1 vertices of  L2k. L2k+l contains (n -  2 )k (n -  1) k+l vertices. Each vertex of L2k 
is joined by an arc to x and to n -2  vertices ofL2k+l. L2k+2 contains (n -2 )~(n  - l) k~2 
vertices. Each vertex of Lzk+l is joined by an arc to n -  1 vertices of L2~ ~2. We now 
stop adding new vertices. For each z in L2k+2 and each s=0,  1,2 . . . . .  2k + 1, there is 
a unique vertex ys in Ls such that there is a directed path from y, to z with 2k + 2 -~ s 
arcs. Insert arcs from z to Y0, Y2, Y4 . . . . .  Y2n-4. This can be done since k 7> n - 2. This 
completes the construction. 
The resulting digraph Dk is strongly connected since every vertex y ¢x  is reachable 
from x by a directed path and every vertex of  L2k+2 is joined by an arc to x. Each 
vertex of  Dk has out-degree n -  1 and there are no even cycles. The hypergraph ff(D~ ) 
obtained from Dk in the manner described by Seymour is thus square, 3-critical and 
n-uniform. The number of  vertices of  f f (Dk)  is 
k k 
m = 1 + ~-~(n - 2 ) J - l (n  - 1) j + ~(n  - 2 ) / - l (n  - 1) j+l 
./- l /=  l 
k--I 
= 1 + {(n -- 1) + (n -- 1)2] . ~-~'~ (n2 - 3n + 2) j 
j=O 
= 1 + (n 2 - n)S(n,k) ,  
where S(n ,k )  denotes the sum in the preceding line. The degree d(x) of the vertex x 
in ~(Dk)  is given by 
k 
d(x) = 1 + ~(n  -2 ) J - l (n -  1)/+l 
j= l  
= 1 + (n - 1)2S(n,k). 
It follows that 
d(x) _ 1 + (n -  1)2S(n,k) 
m 1 + (n 2 - n)S(n ,k)  
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and hence that 
lim d(x)  = 1 1 
k---. ~ m n" 
This shows that equality holds in (4.2). 
In order to complete the proof we need to establish the existence of l imm~ A(m, 
n)/m. This will be done by showing that for ml,m2>~B(n), 
A(ml + m2 + n -  1,n)>~A(ml,n)  + A(m2,n). (4.3) 
Let ~ be an [ml,n]-graph in which there is a vertex x of  degree A(ml ,n )  and 
let F 1 = {al,a2 . . . . .  an- l ,X} be an edge of ~ containing x. Let ~ be an [mz,n]-graph 
such that V (~)N V(~)  = {x} and in which x has degree A(mz, n). Let F z = {bl,b2 . . . . .  
bn - l ,x}  be an edge of ~22 containing x. Let cl,c2 . . . . .  c, be new vertices. Let ~ be 
the hypergraph whose edges are 
1. the edges of  ~t - {Fl }, 
2. the edges of  ~ - {/~ }, 
3. the edge {cl,a2,a3 . . . . .  a~- i ,x} ,  
4. the edge {c2,b2, b3 . . . . .  b~_l,X}, 
5. the edges {ci, a l ,b l ,b2,b3 . . . . .  bn-2}, i=3 ,4  . . . . .  n, 
6. the edge {cl,c2 . . . . .  cn}. 
Then ~ is n-tmiform, square, of  order ml + me + n - 1 and has maximal degree 
A (m l, n )+ A (m2, n). ~ is not 2-colorable. For suppose there is a 2-coloring in colors red 
and blue. In this coloring x, al,a2 . . . . .  a~- l ,b l ,b2 . . . .  ,b~-i  must be assigned the same 
color, say red. But then cl, c2 . . . . .  c, must be colored blue and we have a contradiction. 
is clearly 3-colorable and thus 3-chromatic. 
To show that ~ is 3-critical we must show that for each edge H of X ,  ~ - {H} 
has a 2-coloring. We consider the various cases. 
1. H E ~ - {FI}. There is a 2-coloring of  ~ -{ /~}.  In this 2-coloring, x, bl,b2 . . . . .  
b,~_ l are assigned the same color, say red. There is a 2-coloring of  o~ - {H} in 
which x is red and at least one of al,a2 . . . . .  a , - i  is blue. I f  al is blue, color cl, c2 
blue and C3,C4 . . . . .  Cn red. I f  al is red, then one of a2,a3 . . . . .  a , - t  is blue and we 
may color c2 blue and ¢1,c3,c4 . . . . .  Cn red. 
2. H C ~ - {F2}. There is a 2-coloring of  ~'1 - {F1}. In this 2-coloring, x, al,a2 . . . . .  
a, - i  are assigned the same color, say red. There is a 2-coloring of  ~22 - {H} in 
which x is red and at least one of bl,b2 . . . . .  bn_~ is blue. I f  b,_~ is blue, color c2 
red and CI ,C3 ,C4  . . . . .  C n blue. I f  b~_~ is red, one of bl,b2 . . . . .  b,-2 is blue and we 
color cl,c2 blue and c3,c4,.. . ,Cn red. 
3. H of type 3,4,5,6. There is a 2-coloring of  (4  - {F1})U(~ - {/~}) in which 
x, al,a2 . . . . .  a~- l ,b l ,b2 . . . . .  bn-1 are red. For type 3, color cl red and c2,c3 . . . . .  c, 
blue. For type 4, color c2 red and Cl,C3,C 4 . . . . .  C n blue. For type 5, color ci red and 
cj blue if j ¢ i. For type 6, color cl, c2 . . . . .  c~ blue. 
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It follows that )ff is 3-critical and hence that (4.3) holds. The existence of 
limm~ocA(m,n)/m now follows from (4.3) via a slight variant of Fekete's 
Lemma [4] on super-additive functions. [] 
We consider now the question as to how small the maximal degree an [m, n]-graph 
may have. Denote by A(n) the least integer d such that there exists an [m,n]-graph 
whose maximal degree is d. We establish an upper bound for A(n). 
Theorem 4.2. For n >~ 3, 
A(n+l)<< min max{tA(n), (n+l) '  } l<~t~n t~--. + 1 . 
Proof. Let o ~ be an [m,n]-graph with maximal degree A(n). Let 1 <~t<~n. Apply Con- 
struction 2.1 to each edge of ~ with k - - t  for each edge. One gets a 3-critical square 
hypergraph in which the maximal degree is tA(n) and in which there is a set gt of 
m edges of size t. All other edges have size n + 1. Apply Construction 2.1 to each 
edge of 8t with k = t + 1 in each case. One gets a square 3-critical hypergraph with 
m(t + 2) edges of size t + 1 and all other edges of size n + 1. The maximal degree of 
the vertices in edges of gt+l is (t + 1)+ 1. Now apply Construction 2.1 to each edge of 
&+l with k = t + 2 in each case. There results a square 3-critical hypergraph in which 
there is a set gt+2 of m(t + 2)(t + 3) edges of size t + 2 and all other edges have size 
n + 1. The maximal degree of the vertices in edges of gt÷2 is (t + l)(t + 2) + 1. 
Continue in this fashion until one obtains a square, 3-critical (n + 1)-graph in which 
the maximal degree of the vertices in edges in 8,÷~ is (t + 1)(t + 2) . . . (n  + 1)÷ 
l - - ( (n  + 1)! / t ! )+ 1. The theorem now follows. [] 
Take ~ to be the Fano plane in Theorem 4.2. One gets a [56, 4]-graph with maximal 
degree 9, so that A(4)~<9. We could not decide whether A(4)~<8 holds and we could 
not find an m < 56 for which there is an [m,4]-graph of maximal degree 9. We could 
also not rule out A(4)= 5. 
We remark that by Construction 2.4, there exist arbitrarily large values of m for 
which there exist [m, n]-graphs of maximal degree A(n). One simply needs to take for 
i=  1,2 . . . . .  2t + l, ~ to be an [mi, n]-graph of maximal degree A(n) and choose the 
special edge so that it does not contain all of the vertices of degree A(n). There are 
choices for ~ .  In fact, by Construction 2.1, there are examples of [m,n]-graphs in 
which some edge has only vertices of degree 2. 
5. 3-regular [m, 3]-graphs 
We show that there are exponentially many 3-regular [m, 3]-graphs. 
Theorem 5.1. There exists a constant c> 1 such that the number 9(m) of 3-regular 
[m, 3]-graphs atisfies g(m)>c m for all sufficiently large m. 
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Proof. Let f# be the hypergraph with edges {a,b,c}, {a,d,e}, {a,f,g}, {b,d,f}, 
{b,e,g}, {c,d,g}, {c,e,f}. Let J f  be the hypergraph with edges {a,b,c}, {a,d,e}, 
{a,f,g}, {b,d,f},  {b,e,g}, {c,d,g}, {c,h,j}, {e,k,l}, {f ,p,q},  {h,k,p}, {h,l,q}, 
{j,k,q}, {j, l,p}. f~ is a 3-regular [7,3J-graph (the Fano plane) and W is a 3-regular 
[13, 3]-graph. 
Let t be a positive integer and let I be a t-subset of { 1,2 . . . . .  2t + 1 }. In Construction 
2.4, for i E I let ~ be a copy of f# and let G = {c, e, f}  be the special edge and c the 
special vertex. For i £ I, let ffi be a copy of 3~f with H = {j, l, p} as the special edge 
and j the special vertex. Denote the graph obtained via Construction 2.4 by i f ( I ) .  
Note that for each copy of f#, the 5-sets S of the shape {a,b,d,g,x}, x E {c,e,f} are 
such that each two elements of S belong to an edge of i f ( I ) .  The only other 5-subsets 
of the vertex set of F ( I )  with this property are those of the same shape in a copy of 
~ .  Note also that the pairs {c, e} and {c, f}  in a copy of f# are disconnecting sets for 
i f ( I )  while none of the pairs {c, e}, {c, f} ,  {c, g} in a copy of W is a disconnecting 
set for o~(I). It follows from these observations that if • is an isomorphism from 
ff( I i  ) to ff( I2) then • must map a copy of f¢ onto another copy of ff and a copy 
of Jig onto another copy of W. It is then easy to see that 12 is obtained from 11 
by a cyclic permutation of {1,2 . . . . .  2t + 1}. Thus, if m=Vt + 13(t + l )=20t  + 13, 
we have 
1 4, 
g(m)>~ 2t + l \ t > 2~ 7~ >cm 
for any c<2 °'l = 1.0717... and all sufficiently large t. 
This shows that g(m)> c m for infinitely many m. Variants of the above construction 
show that the bound holds for all sufficiently large m. [] 
One of the referees has noted that Theorem 5.1 may be deduced from some of the 
unpublished constructions in the thesis of Kornerup [6]. 
6. Some questions 
We conclude by listing some questions that we have not been able to settle. Some 
of these have already been alluded to. 
1. As we noted earlier, Thomassen proved that an [m, n]-graph with n >14 must have 
a vertex of degree at most 3. Must it have a vertex of degree 2? In all of the 
examples we have been able to construct his is so. 
2. Does there exist a [37,4]-graph? 
3. What is the value of A(4)? Does there exist an [m,4]-graph with maximal degree 
at most 8? 
4. It can be shown that there is a constant c such that g(m)<c ml°gm. Can this bound 
be improved? 
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